We consider a conventional stellar α 2 ω-dynamo with dynamo generators localized in two spherical shells separated by a passive layer. The signs of the α-effect as well as rotational shear in the dynamo active layers can be chosen to give dynamo waves that propagate in opposite directions (poleward and equatorward) if the layers are considered separately in the framework of the Parker migratory dynamo. In a sequence of numerical experiments we show that the variety of dynamo-generated magnetic configurations in the system under discussion is quite rich. We identify the possibility of almost independent dynamo waves existing in the two layers as well as enslavement of one layer by the other, and of activity waves generated by a joint action of the two layers. We suggest some qualitative explanations of the behaviour and discuss also the limited nature of these explanations. This variety of phenomena suggests previously underexploited freedoms to understand how predictions of dynamo theory may accommodate the observed solar and stellar activity phenomenology.
I N T RO D U C T I O N
Solar and stellar magnetic activity is thought to be associated with dynamo action occurring somewhere inside or just below the convective envelope. The physical scheme of dynamo self-excitation suggested by Parker (1955) is quite simple. Differential rotation converts poloidal magnetic field into toroidal while the α-effect, based on cyclonic motions, converts toroidal magnetic field into poloidal. This closes the chain of self-excitation, maintains the field against dissipation, and in general results in the propagation of a dynamo wave. The direction of propagation in latitude is determined by the sign of the product of the two magnetic field generators, that is, the radial gradient of angular velocity and the α-effect, taken in the Northern hemisphere. If this product is negative the activity wave propagates equatorwards, as in the solar case. Stellar activity observations still only give some hints concerning the propagation of activity waves on other stars. The available evidence (see for a review Gershberg 2005; also Katsova, Livshits & Belvedere 2003) supports the viewpoint that equatorward propagation could be a rather generic phenomenon. This presents us with a challenge for dynamo theory.
Naive physical arguments give α > 0 in the Northern hemisphere while helioseismological data give > 0 near the bottom of the convective zone and ≈ 0 in the upper layers of the zone. This would result in a poleward propagation of the dynamo wave. Sev-E-mail: moss@ma.man.ac.uk (DM); sokoloff@dds.srcc.msu.su (DS) eral proposals for resolution of the problem have been suggested. In particular, it can be argued that α reverses its sign near the bottom of the convective zone, so α > 0 in the main part of the zone but α < 0 at the very bottom where | | is large (e.g. Krivodubskij 2005) . Thus the dynamo wave generated at the bottom of the convective zone would propagate equatorwards. Another option is to locate the site of the dynamo wave propagation in the immediate subsurface layers where < 0 and α > 0 (e.g. Brandenburg 2005) .
A generic feature of the first of these scenarios is that the structure of the dynamo active region (convective zone) is expected to be complicated, with different layers having different signs of α and . From a naive point of view, each layer might be considered separately and independently. This point is however far from obvious, because adjacent layers can be connected by the poloidal magnetic field. Moreover, the layers in which the radial shear and α-effect are located can be displaced with respect to one other. Then any dynamo wave has to be considered as the joint action of the two layers.
An alternative to an almost independent coexistence of two dynamo-active layers is that the layer with more intensive dynamo action enslaves the other. This viewpoint looks just as natural as the previous. The key question then is which parameter range favours which outcome.
The topic has been discussed from time to time in the context of numerical simulations of particular solar dynamo models (e.g. Bonanno, Elstner & Belvedere 2006) , as well in simplified models based on the Parker migratory dynamo (e.g. Parker 1993 ). Here we report the results of more or less systematic simulations of a two-layer dynamo system.
T H E DY NA M O M O D E L
We explore a conventional mean-field α 2 ω-dynamo model in spherical geometry with two dynamo active layers, the 'deep' layer A with 0.7 r 0.82 and the 'shallow' layer B with 0.88 r 1, where r is the fractional radius. These layers are separated by a layer of relatively strong turbulence where the turbulent diffusion coefficient η is supposed to be η * times as high as that, η 0 say, in the layers A and B. The code is a modification of that used by Moss & Brooke (2000) .
We take a very simple rotation profile, = C A,B ω r + A,B . The governing parameters C A ω and C B ω are specific to each layer and the constants A and B are chosen to avoid discontinuities of the flow, so that (0.82) = (0.88) and takes this common value in 0.82 r 0.88.
The α-profile used is α = C A,B cos θ , where θ is the polar angle, so that θ = 90
• is the equator. α = 0 in the shell between the dynamoactive layers. We use the simplest algebraic α-quenching in the form
, where B 0 is the equipartition magnetic field strength and α 0 is the strength of the α-effect during the kinematic stage of dynamo action.
Our toy model represents the concept of dynamo action occurring in two disjoint layers somewhere inside a stellar convective zone. Our aim is to isolate physical effects rather than to use the helioseismological data, that is, we are not attempting explicitly to model the solar (or any stellar) dynamo. Table 1 . Notation: 'M' means migratory and 'S' standing wave, 'eq' and 'p' mean equatorward and poleward migration, respectively, subscript 'I' means irregular behaviour (of E, and in a milder form, of butterfly diagrams and perhaps of parity), otherwise solutions are singly or doubly periodic. Superscripts 'e' and 'p' mean that the domains occupied by the propagating wave are located near the equator and pole, respectively. Columns 7 and 8 give approximate values of the cycle periods, in units of the global diffusion time R 2 /η 0 , in the deep and shallow regions, respectively. For models 7 and 8 periods for the typical cases C A ω = 10 5 are shown, for case 9 C B ω = 10 5 . For the period (B) marked by an asterisk (model 11), the cycle in region B is strongly modulated by a signal with period 0.0094, whereas that in region A shows only minor, perhaps irregular, modulation. Multiple solutions for the same parameters do exist in same cases, and were found by chance, see, for example, entries 5b and 5c. η * = 3. 
R E S U LT S

Parameter space
We start by searching the parameter space of our model, which turns out to be quite rich. Results from some selected runs are presented in Table 1 and Figs 1 and 2. For orientation as to order of magnitudes of our parameters, we can note that a dynamo with C α = ±20 in the domain A and C We start the search of parameter space with two test cases (Table 1 , runs 1, 2): if the signs of the governing parameters in the domains A and B coincide, the directions of migration follow the predictions of the simplest one-layer model. Butterfly diagrams are shown in Fig. 1 . In agreement with the naive expectations of the Parker migratory dynamo (e.g. Novikov, Piskunov & Sokoloff 2004) , the equatorward wave propagates from middle latitudes to the equator while the butterfly diagram for the poleward wave is concentrated in the subpolar regions.
Then (run 3) we consider a rather weak generation in domain A, which might be expected to give equatorward migration from the viewpoint of an one-layer model, and a stronger generation in domain B which should give poleward migration. The result is that the wave propagates polewards in both domains. We conclude that the domain B with stronger generation enslaves the domain A with 
weaker. A snapshot of toroidal field contours in run 3 is shown in domain B as well (runs 5); we note here in one case the presence of an additional standing wave near the equator in domain B. Run 6 shows that further intensification of dynamo action in domain A restores the poleward activity wave in domain B (cf. run 4). Let us now turn to another combination of parameters (runs 7, 8). Now we have a moderately strong dynamo action in the domain A and a strong α-effect alone in B. We see that the wave propagates poleward, as predicted by the signs of C A and C B α for both signs of C A α . We conclude that the dynamo is based on the joint action of the differential rotation in the domain A and the α-effect in the part B while the α-effect in the domain A is unimportant. We check (runs 9, 10) that this distribution of α-effect and shear can be reversed, with the same outcome -in each case the dynamo wave moves polewards. We show that when we change the signs of C A α , C B α we reverse the direction of the wave propagation (runs 11, 12). We confirm in run 13 that dynamo action in the domain B taken alone is possible, resulting in equatorward migration instead of the poleward migration found in runs 9 and 10.
In the last set of runs starting with numbers 14 and 15 we demonstrate that the dynamo waves in the two separate domains can propagate independently provided the dynamo action is strong enough in both parts. We illustrate this phenomenon in Fig. 4 . A moderate reduction of dynamo intensity in the region B (run 16) enables region A to enslave region B. Similarly, a reduction of dynamo intensity in region A leads to a partial enslavement of region A by region B. However, a remnant of equatorward propagation near to the equator still remains in run 17.
Note that there are several instances where the cycle periods differ significantly between regions A and B, although we did not attempt systematically to investigate this issue. Also note that multiple solutions for the same parameters can be found, for example, runs 5b and 5c but, again, we did not conduct a systematic search for such solutions. This is a known phenomenon in the study of non-linear spherical shell dynamos, plausibly encouraged here by the radially thin dynamo-active regions with marked latitudinal structure, which do not give strong selection in terms of geometry/parity. The presence of long-lived, slowly evolving, transients can also then be expected. 
Role of spatial separation
Our aim now is to explain why sometimes the wave in one domain enslaves the other domain and sometimes the domains produce almost independent dynamo action. One point looks rather straightforward: it is necessary for a domain to have stronger generation to enslave the other one. What is much less straightforward is that a too strong generation can prevent the enslavement (as we see comparing the runs 3 and 4, or the runs 4 and 5, 6). We conclude that strong dynamo action is not sufficient for enslavement. A possible explanation could be that the domain A can enslave the domain B if the strong wave excited in A penetrates significantly into the domain B. If the dynamo action in the domain A is too strong the dynamo wave becomes too localized and cannot enslave the domain B. It looks plausible that the penetration of the wave from one domain to the other can further be governed by the value η * : larger η * gives better separation of domains. We expect that the bifurcation from enslaved solution to the almost independent wave propagation in the two domains happens for lower dynamo intensities for larger η * . We also speculate that, as dynamo action in one region becomes stronger, the frequency increases and so the skin depth of penetration into and through the diffusive barrier becomes smaller. Thus if the dynamo action in, say, region B becomes very strong, it may cease to enslave region A (e.g. Table 1 , run 4). This idea is supported by experiments in which C α , C ω = 0 in one of the regions A or B, while C ω is increased in the other.
In principle, these ideas might be explored in the following manner. Assume that the ratio of mean energies, E pol / E tor ∝ |D| n 1 , the mean total energy E ∼ E tor ∝ |D| n 2 , the frequency ω ∝ |D| n 3 , and the skin depth δ = η ω , with parentheses indicating temporal averages of the global quantities. Then at distance d from the boundary of a dynamo-active region . Direction of propagation of the deep wave for C A α = −5, C B α = +5, C A ω = 3 × 10 4 for various C B ω and η * . Notation as in Table 1 .
M(p) M(eq) + a very small feature near the pole 5 × 10 5 M(eq) M(eq) 6 × 10 5 M(eq) M(eq)
Linear asymptotic theory (e.g. Kuzanyan & Sokoloff 1997) gives n 1 = −2/3, n 2 = 1, n 3 = 2/3, so
where ω 0 is a constant. However, this asymptotic theory is a poor predictor of behaviour in a strongly non-linear spherical shell dynamo, especially where bifurcations are occurring. Empirically, from study of a homogeneous dynamo in 0.7 r 1.0, we find n 1 ≈ −1.5, n 2 ≈ 1.0; however n 3 is ill determined, but positive between bifurcations. Thus
We conclude that support for the ideas discussed in the previous paragraph is rather inconclusive, but certainly these estimates are not strongly unfavourable. We continue with a more detailed inspection of the transition of the deep migration from poleward to equatorward, which occurs when C B ω varies from the value chosen for run 3 to that for run 4. We take C Table 2 ). The shallow wave propagates polewards in all cases. We conclude that Table 2 demonstrates something similar to the predicted behaviour. We believe that the effect is modest because the diffusive separation region is rather thin and the contrast in values of Table 3 . Direction of propagation of the shallow wave for C A α = −5, C B α = +5, C B ω = 3 × 10 4 and η * . P is the mean (time-averaged) parity, the cases P = −1, + 1 have constant parity and correspond to pure dipole/quadrupole symmetry, respectively. SP means singly periodic solution, DP doubly periodic, SW is standing wave and irr is irregular. Other notation as in Table 1 . Multiple solutions may occur for some parameter values. η is limited as, numerically, it becomes difficult to take much larger values of η * within the framework of this exploratory investigation at modest resolution.
The other point that can be seen from Tables 1 and 2 is that the dynamo wave becomes a complicated structure near the transition under discussion, that is, a poleward feature appears in addition to the basically equatorward propagation -see, for example, Fig. 5 . This looks plausible, because the wave penetration from domain B into domain A is unlikely to be perfectly homogeneous. On the other hand the phenomenon obviously needs additional attention. Thus we investigate in more detail the transition under discussion when the domain A enslaves domain B (Table 3, 
. In order to enlarge the parameter range investigated, we take here η * = 5, as large as practical numerically at our modest spatial resolution. The propagation in the deep domain A is equatorwards in all cases.
Comparing Tables 2 and 3 we conclude that the transition under discussion is much simpler if the more intense generation occurs in the shallow domain (B) rather in the deep domain (A). This maybe be simply because the poloidal magnetic field cannot be confined in the deep domain and necessarily penetrates into the shallow region, even if the diffusive barrier η * is high. In contrast, the poloidal field generated in the shallow domain (B) does not have to extend into the deep domain.
Another point can be extracted from comparison of Tables 2 and  3 . Various states of mixed symmetry exist near the transition under discussion. We note that additional structures are located near the pole for the models of Table 2 and near to the equator for those of Table 3 , that is, at a latitudinal belt located in the direction of wave propagation in the domain of stronger dynamo action. It looks plausible that the domain with weaker generation is more easily affected by the domain with stronger generation, because the enslaving field is stronger here.
We appreciate that the existence of multiple stable solutions with different parities for certain parameter values makes any comparison between Tables 2 and 3 not very straightforward. Thus we modified the experiment so that solutions have a fixed parity P = +1 (this choice was made rather arbitrarily) - Table 4 .
Possibly, the change near C A ω = 3.5 × 10 5 occurs for marginally smaller C A ω when η * = 5; at least in this case the polar migration at 3.5 × 10 5 is more strongly displayed; however the difference is small. The persistent, quite localized, SW-like behaviour near the equator might plausibly be a consequence of fixing P = +1, so the field does not vanish there. However, this feature can also be found in the models of Table 3 with P ≈ −1.
Beyond a straightforward combination of layers
The above explanation of the observed phenomenology is based on a straightforward combination of results for two layers taken separately together with the idea that one layer can enslave the other in suitable circumstances. This explanation makes some sense, but nevertheless it is obviously insufficient. The point is that the presence of, say, layer B modifies the excitation conditions in the layer A (and vice versa). We demonstrate this, adding new data (see Table 5 ) to the numerical experiment presented in Table 2 . The motivation of this experiment is to fix C
4 and to search in detail for the dynamo wave behaviour when C B ω is smaller than in Table 2 , in order to isolate as far as possible the dynamo wave in the region A taken alone.
We conclude that even when dynamo action in region B is very weak, the weak dynamo action in region A cannot produce its 'own' dynamo wave, that is, we do not see an equatorward wave in region A if the dynamo action in region B is weak. Further, the transition occurs for slightly lower C B ω if η * is higher (see second and third lines in Table 2 ); in general however the role of the intermediate layer seems not to be very pronounced.
Then we fix the dynamo governing parameters in the shallow part of our system (C B α = +5, C B ω = 10 5 ) as well as the α-effect in the Table 5 . Deep and shallow wave propagation for weak generation in region B when C A α = −5, C B α = +5, C A ω = 3 × 10 4 and prescribed quadrupole parity. Subscripts A and B indicates the region in which the wave is mainly located. Asterisks denote very localized solutions. Superscript p indicates the latitudinal localization.
deep part (C A α = −5) and vary C A ω while imposing quadrupole parity. Our aim is to determine more carefully the excitation threshold in region A -see Table 6 .
We conclude that excitation in region A occurs when C 
D I S C U S S I O N A N D C O N C L U S I O N S
The question of whether solar dynamo action is associated with the deep part of the convective zone near the tachocline, or with a shallow layer near the solar surface, or distributed throughout the convection zone, is now considered to be a key problem in solar dynamo theory. The arguments presented here are mainly motivated by the basic connection between the signs of the parameters governing dynamo action and the direction of activity wave propagation, that is, a negative dynamo number means an equatorward activity wave. Arguments for both deep and shallow generation have recently been presented by, for example, Brandenburg (2005) .
We suggest that a natural step towards a fuller understanding of the problem via the study of 'toy' models would be a solar dynamo model which includes both options, that is, simultaneous dynamo action in deep and shallow regions. Naively, two almost independent activity waves might be expected. A consequent simple-minded expectation is that the layer with stronger dynamo action might enslave the layer with weaker action. This obviously adds possibilities for explaining the known phenomenology based on the initial ideas of the Parker migratory dynamo.
We have tested this naive idea numerically and confirmed it to some extent. We demonstrated that activity waves in opposite directions can coexist in spatially separated layers of dynamo action. The observational evidence from the solar activity cycle suggests that there may be a number of situations where the presence of both types of waves might be invoked. For example, one wave could be used to explain the equatorward activity wave traced by sunspots, while the other could be employed to explain the poleward activity wave traced by polar faculae. Another noteworthy property is that whereas enslavement can produce, for example, equatorward migration even if the naive expectation is for poleward migration, that is, if D > 0 locally (e.g. run 5), if the enslaving dynamo action becomes too strong the enslavement can disappear (run 6).
We do not suggest that these simple ideas are sufficient to achieve agreement between helioseismological data, dynamo models and Table 6 . Deep and shallow wave propagation for various strengths of the rotational shear in region A, for solutions with C A α = −5, C B α = +5, C B ω = 10 5 , prescribed quadrupole parity. Subscripts A and B indicates the region in which the wave is mainly located. Superscripts 'p' and 'eq' indicate the latitudinal concentration of the solution. For C A ω 7 × 10 5 , it is the toroidal field that is concentrated in region A, whilst the poloidal field becomes more localized in region B.
solar activity phenomenology; nevertheless it obviously gives a new freedom in the theory. In particular, we note that our model can give dynamo waves with substantially different periods propagating in opposite directions, as appears to be seen in the observations discussed by Obridko et al. (2006) . We must stress that naive predictions from these considerations have a very limited applicability. There are several obvious restrictions on their applicability.
(1) Dynamo waves can coexist almost independently even if the dynamo intensities in the separated layers are quite different, simply because they are confined within each layer and do not penetrate into the other.
(2) The presence of an activity wave in one layer can substantially modify the excitation conditions in the other layer. Then the concept of almost independent dynamo action in a given layer becomes to some extent ill posed.
(3) Deep and shallow layers do not play symmetric roles. Here the point is that the poloidal magnetic field from the deep layer almost necessarily penetrates into the shallow layer, while the poloidal field excited in the shallow layer can more readily avoid penetrating into the deep layer. This asymmetry is outside of the simple Parker scheme which would treat both layers on an equal footing.
In this preliminary study we have concentrated on the direction of migration of the dynamo waves, rather than on their periods. The dependence of cycle period on the governing parameters of a two-layer system and the occurrence of different periods in the two layers, although outside of the focus of this paper, is of obvious interest and is an issue to which we plan to return.
To summarize, we believe that qualitative ideas from naive application of the Parker dynamo model must be applied with caution in more physically complex situations. Of course, we do not expect dynamo-active regions to be completely separated and, in principle, global models should already implicitly include the effects we have studied. However, there are sufficient uncertain or unknown ingredients that our experiences can be relevant to interpreting or predicting model behaviour when exploring the range of possibilities.
Our investigation was based on the simplest non-linearity with local algebraic suppression of the α-effect. We emphasize that the applicability of a kinematic approach to the problem under discussion is rather limited, simply because the dynamo eigenmodes can be localized in one or the other dynamo regions and a combined eigensolution with two activity waves propagating in opposite directions can appear only as a rare exception. We further appreciate that the local algebraic α-quenching we have used looks much less plausible even than in a one-layer problem. The point is that physically more realistic descriptions of α-quenching (e.g. Zhang et al. 2006) consider the spatial transport of magnetic helicity. In particular, dynamo action in one layer can affect the other by helicity transport from one layer to the other. Clearly our scheme does not include such mechanisms, although we believe that we may have isolated some generic behaviour.
In our investigation we employed only very limited bulk dynamo drivers, that is, differential rotation and the α-effect. Of course, various advective and non-advective fluxes such as meridional circulation and turbulent diamagnetism can participate in the dynamo process. We have not included them in our analysis because it would enlarge the number of governing parameters and make the phenomenology even more complicated. Of course, such mechanisms may be essential to fit particular solar dynamo models to the observations (which clearly we have not attempted to do). A more comprehensive description of independently generated as well as enslaved modes should also include the effects associated with these fluxes.
Solar and stellar dynamos do not provide the only situation where dynamo solutions with opposing properties have to coexist. Another possibility is provided by galactic dynamo systems, where a steady/monotonically growing quadrupole dynamo solution applicable to the disc has to coexist with a oscillatory dipole solution in the galactic halo (e.g. Sokoloff and Shukurov 1990; Brandenburg et al. 1992) . The phenomenon of enslavement could also be relevant to this situation.
